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The speed of light in vacuum, one of the most important and precisely measured natural constants,
is fixed by convention to c = 299792458 m/s. Advanced theories predict possible deviations from this
universal value, or even quantum fluctuations of c. Combining arguments from quantum parameter
estimation theory and classical general relativity, we here establish rigorously the existence of lower
bounds on the uncertainty to which the speed of light in vacuum can be determined in a given region
of space-time, subject to several reasonable restrictions. They provide a novel perspective on the
experimental falsifiability of predictions for the quantum fluctuations of space-time.
I. INTRODUCTION
It is generally accepted that the speed of light in vac-
uum c is a universal natural constant, isotropic, inde-
pendent of frequency, and independent of the motion of
the inertial frame with respect to which it is measured.
These properties have been experimentally demonstrated
with very high precision, e.g. isotropy up to a relative un-
certainty of the order of ∼ 10−9 [1], and lie at the basis
of special relativity. By 1972, measurements of the speed
of light became more precise than the definition of the
meter [2], leading in 1983 to the definition of the speed
of light in vacuum c = 299792458 m/s. But attempts
to quantize gravity have led to the concept of space-
time as a fuzzy “quantum foam” on the Planck length
lPl =
√
~G/c3 ' 1.62 × 10−35 m [3–5] that implies an
uncertainty or dispersion of c [6–9]. Experimental data
based on gamma-ray bursts, pulsars, and TeV-flares from
active galaxies imply upper bounds on deviations of c
over cosmic distances [10–16]. Quantum fluctuations of
c were also proposed due to virtual fermion-anti-fermion
pairs, leading to a scaling of the jitter of the arrival time
of light pulses with propagation distance [17, 18]. Satel-
lite experiments are being planned to verify fundamental
space-time properties with unprecedented precision, such
as the isotropy of c and its independence from the labo-
ratory frame velocity [1].
Here we establish how precisely c in a given region
of space–time may be determined in principle, i.e. in-
dependent of any technical challenges. Our approach is
based on the firmly established quantum parameter esti-
mation theory (q-pet) [19–26] and general relativity (GR)
in semiclassical approximation [27]. Q-pet allows one to
obtain a lower bound on the uncertainty with which a
parameter θ may be estimated that parametrizes a quan-
tum state specified by a density matrix ρ(θ). The power
of q-pet is due to the facts that i.) the bound is reach-
able in the limit of a large number of measurements, and
ii.) it is optimized over all possible quantum mechan-
ical measurements (positive operator valued measures,
POVM [28]) and all data-analysis schemes (unbiased es-
timator functions). This so-called quantum Crame´r-Rao
bound (QCRB) [19–22] becomes relevant once all techni-
cal noise problems have been solved, and only the funda-
mental quantum uncertainties remain. It is the ultimate
achievable lower bound on the uncertainty with which
any parameter can be measured. Recently, the q-pet for-
malism was applied to the measurement of parameters in
relativistic quantum field theory such as proper times and
accelerations, the Unruh effect, gravitation, or the esti-
mation of the mass of a black hole [29–32]. In the present
work we go a step further by examining the back-action
of the quantum probe on the metric of space-time. Tak-
ing back-action into account was proposed before [33–37]
but to the best of our knowledge we combine for the first
time modern q-pet with a precise calculation of the back-
action of the probe on the space-time metric. We show
that there is an optimal photon number at which the
perturbation of the space-time metric due to the probe
equals the quantum uncertainty of the measurement it-
self, establishing thus an ultimate lower bound on the
uncertainty with which c can be determined.
II. QUANTUM PARAMETER ESTIMATION
Any direct measurement of the speed of light has to use
a light signal. Indirect measurements, e.g. through mea-
suring the fine-structure constant, the electron charge
and Planck’s constant, may need no light but do not
reflect the definition of c as a speed and need an elabo-
rate theoretical framework for their interpretation. We
consider definitions of c through c = ∆x/∆t (i.e. run-
time measurements of a light pulse) as well as through
c = ω/k (where ω is (2pi times) the frequency and k the
wavevector of a monochromatic e.m. wave) as direct mea-
surements, as these i.) use a light signal; ii.) correspond
to how c has actually been determined experimentally (in
particular the most precise determinations of c to date
use c = ω/k [2]), and iii.) are based on simple three-letter
formulas that need no elaborate theoretical framework
for extracting c. These two definitions give c the mean-
ing of a propagation speed or phase speed, respectively.
Note that we only need c = ω/k at the frequency con-
sidered, not over all frequencies. For wave-lengths com-
parable to quantum-gravity length scales (assumed to be
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2of order Planck-length), modifications of this linear dis-
persion relation have been proposed (see the discussion
on rainbow gravity in Sec.V B), but we restrict ourselves
to frequencies where the linear dispersion is well verified
experimentally. We emphasize that these definitions of
speed are only needed to determine a systematic experi-
mental error due to GR effects. The quantum-mechanical
uncertainty of c obtained from q-pet on the other hand
is optimized over all possible (POVM) measurements of
the light signal and analysis schemees of the data, in-
cluding those that measure the propagation distance ∆x
of a light pulse over a time-interval ∆t. We therefore
do not have to worry about additional uncertainties of
measurements of positions or times.
Any light signal can be decomposed in modes of the
electromagnetic (e.m.) field which are the fundamental
dynamical objects in quantum optics. Q-pet shows that
with m modes the sensitivity can be improved at most by
a factor 1/m [25]. Below we find that with at most n pho-
tons in a single mode the best sensitivity scales as ∝ 1/n;
one can thus achieve for given maximum photon number
nm the same sensitivity scaling as ∝ 1/(nm) as with m
modes (for a strict proof see Appendix A). In [38] the
problems of positioning and clock synchronization were
analyzed. They were reduced to measuring a travel time
of a light pulse with constant c, which is closely related
to measuring c for a known propagation distance. Also
there it was shown that the best uncertainty in the arrival
time of the pulse for a squeezed m-mode state scales as
1/(nm). Furthermore, using the Margolus-Levitin quan-
tum speed limit theorem, it was argued in [38] that this
is the optimal scaling possible for any state. The scal-
ing ∝ 1/n¯ for large average photon number n¯ was also
obtained for phase estimation with two-mode squeezed
light in [39]. As for relativistic effects, if we are interested
in knowing c in a given space-time region, they cannot
be diluted by using several modes in parallel in different
space-regions or sequentially. We can thus restrict our-
selves to studying a single mode. For concreteness, we
consider a cubic cavity with edges of length L, and per-
fectly reflecting walls or symmetric boundary conditions.
Maxwell’s equations in vacuum with appropriate
boundary conditions impose quantized modes with wave
vectors k that are independent of c, whereas the fre-
quency ω = c|k|. Obtaining the best possible precision
of c is thus equivalent to the optimal frequency measure-
ment of a harmonic oscillator, for which the quantum
Crame´r-Rao bound was calculated in [40]. The smallest
δω/ω, and hence smallest δc/c for fixed maximum excita-
tion 2n and for τ = ωt 1, is achieved with the optimal
state |ψopt〉 = (|0〉+ |2n〉)/
√
2. In a single measurement,
it leads to a minimal c-uncertainty
δc
c
' 1
2τn
. (1)
For existing measurements with large n, coherent
states are more relevant than the optimal state. A coher-
ent state with amplitude α at time t = 0, |ψcoh〉 = |α〉,
evolves according to α(t) = αe−iωt [41] and leads to
δc
c
=
1
2
1
|( 12 + n) sin2 τ + nτ(τ + sin(2τ))|1/2
' 1
2τ
√
n
,
(2)
where the last equality is for large τ = ωt and large
average photon number n = α2 (τ2α 1) [40].
From these results one is tempted to conclude that δc/c
can be made arbitrarily small by increasing n. How-
ever, the energy-momentum tensor increases ∝ n for
n  1, and will at some point perturb itself the met-
ric of space-time. We argue that the ultimate sensitiv-
ity is reached when the general relativistic modification
of space-time becomes comparable to the minimal quan-
tum uncertainty of the measurement. This leads to a
finite optimal number of photons, and a finite optimal
sensitivity. Increasing the photon number even more will
modify space-time to a point where one cannot speak of
light propagation in vacuum anymore. In principle one
may re-calculate from the measured value using GR what
the speed of light in vacuum would be, but this is a coun-
terfactual reasoning and not a direct measurement of c.
On the other hand, reducing the photon number would
increase the quantum noise. The situation is very similar
to the optimization of the photon number in LIGO-type
gravitational wave interferometers, where one balances
photon-shot noise against radiation pressure noise [42–
44]. However, whereas radiation pressure noise is specific
to the measurement instrument, in our case the proper-
ties of space-time itself and thus the very meaning of light
propagation in vacuum are affected when increasing the
photon number further, and this effect is unavoidable.
The gravitational effects sought here are well in the
regime where Einstein’s field equations are valid: Firstly,
we consider light at wavelengths λ and structures of the
energy-momentum tensor on scales much larger than the
Planck-length (e.g. λ = 500 nm and a standard (possi-
bly lossy) cavity of size L = 1 km). Secondly, we con-
sider light fields of very large intensity and effects linear
in the perturbation of the metric, for which the energy-
momentum tensor should be well approximated by its
quantum mechanical expectation value [45]. It is the ef-
fect of this average energy-momentum tensor on space-
time that we calculate and compare to the minimal un-
certainty of c obtained from q-pet, not the fluctuations
of space-time themselves. The former is established on
the solid ground of general relativity, whereas the latter
would require a quantum gravity theory to make reliable
predictions. The quantum fluctuations that we are inter-
ested in here are those of light probing the space-time,
which are reliably described by quantum optics. Our
results therefore rely only on well-tested theories, in dis-
tinction to predictions of the fluctuations of space-time
obtained by various theories of quantum gravity.
3III. PERTURBATION OF METRIC DUE TO
LIGHT INTENSITY
The modification of the metric of space-time is found
from the weak field limit of the Einstein field equations,
where the metric tensor is given by gµν = ηµν + hµν ,
i.e. the flat Minkowski metric ηµν = diag(−1, 1, 1, 1) (in
terms of ct, x, y, z) plus a small perturbation, |hµν |  1.
Einstein’s equations yield a wave equation for the trace
inverse, h¯µν = hµν − 12ηµνηαβhβα,
h¯µν = −16piG
c4
Tµν , (3)
where the (flat space-time) Lorenz gauge (FLG) condi-
tion h¯µν,ν = 0 is used; see eq. 18.8b in [46]. The energy-
momentum tensor Tµν of the e.m. field reads [46]
T 00 =
1
2
(0E
2 + µ0H
2), T 0i = T i0 =
1
c
(E ×H)i,
T ij = − (0EiEj + µ0HiHj) + T 00δij , (4)
where i, j ∈ {1, 2, 3} = {x, y, z}. We use the q.m. expec-
tation value of Tµν as source term in (3) for the (011)
and the (01M) modes (ki = lipi/L, lx = 0, ly = 1, and
lz = 1 or lz = M , respectively; Ωl = c|k|, and V = L3).
This “semiclassical approximation” is justified if one is
interested only in effects to first order in hµν [45]. Using
the (011) mode is motivated by the fact that it has lowest
frequency and hence expected lowest GR impact. This
will be verified by comparing to the (01M) mode with
large M . For |ψopt〉 with n  1, the solution of (3) for
the (011) mode reads (ξ = pix/L)
h¯µν(ξ) = P
∫ pi
0
∫ pi
0
dη′dζ ′I(ξ, η − η′, ζ − ζ ′)tµν(η′, ζ ′),
P = 4
√
2n
pi
κ, κ =
(
lPl
L
)2
, (5)
I(ξ, η, ζ) = ln
(
ξ +
√
ξ2 + η2 + ζ2
ξ − pi +√(ξ − pi)2 + η2 + ζ2
)
, (6)
with dimensionless trigonometric functions tµν :=
Tµν/(n~Ωl/V ) of order one inside the cavity, and zero
outside (see Appendix B). Tµµ = 0 for the e.m. field [47],
hence hµµ = 0 and h
µν = h¯µν .
The deviations of h¯µν in (5) from FLG are of second
order in h and can be neglected [48]. For |ψcoh〉, h¯µν is
the same as for |ψopt〉 plus retarded oscillation on top of
it, with an amplitude of the same order. We therefore
restrict the analysis to the time-independent part. For
the (01M) mode, and n,M  1, only h00 and h33 are
non-negligible,
h00 = h33 ' 4PM
∫ pi
0
∫ pi
0
dη′dζ ′I(ξ, η − η′, ζ − ζ ′) sin2 η′.
From the geodesic condition ds2 = gµνdx
µdxν = 0, the
local modification of the coordinate speed of light
δc(x)/c = −1
2
(h00 + h11) (7)
is obtained for the (011) mode, with similar expressions
for δc(y) and δc(z) (see also Fig. 2 in Appendix B). For
the (01M) mode with n,M  1, δc(x)/c = δc(y)/c =
− 12h00, δc(z)/c = 2δc(x)/c. One may object that accord-
ing to the equivalence principle one could always find a
coordinate system (CS) in which c(x) = c(y) = c(z) = c,
and that by the definition of c one should go to the free
falling CS for measuring c, where c is always the same.
However, one has to distinguish between the universal
constant c entering Lorentz-transformations, and the ex-
perimental value cexp of the propagation speed of light
obtained in measurements. The experimental definition
of c, cexp = ∆x/∆t, where ∆x is the distance that a
light signal travels in time ∆t implies that for any finite
∆x the measurement is non-local, which precludes trans-
forming the discussed GR effect away by a local trans-
formation. It is to be expected that this non-local effect
can be made arbitrarily small by moving the two points
arbitrarily close to each other. More importantly, how-
ever, the measurement apparatus cannot be free falling
in the gravitational field of the light it contains, as it
carries that light with it. A time delay can be measured
with a single clock by passing a short light pulse through
a beam splitter (BS), reflecting it on a mirror and send-
ing it back to the BS. The two passes through the BS
trigger start/stop of the clock by light scattered into de-
tectors adjacent to the BS. The clock measures its proper
time, dτ =
√−g00dt. ∆x has to be measured indepen-
dently, i.e. with standard measurement rods. Hence, ∆x
corresponds to the “proper length” of the apparatus (dis-
tance between BS and mirror for a runtime experiment or
length of the cavity when using ω = ck). “Proper length”
(not to be confused with “proper distance”) is defined as
the length measured with standard measurement rods in
the frame where the object is at rest [49]. We may as-
sume the measurement rods as well as the measurement
apparatus as sufficiently “rigid” (gravitational forces and
modification of the e.m. forces that determine the shapes
of these objects much smaller than the e.m. forces that
determine their shape and arrangement [50, 51]), which
means that ∆x remains unchanged when the light in-
tensity is increased. In the limit R  L (R = typical
radius of curvature of space time), the experimentally
found value cexp(x) = ∆x/∆τ ' dx/dτ = c(x)/√−g00 is
then directly related to the coordinate speed c(x) deter-
mined above. This gives δcexp/c = −h11/2 for the (011)
mode, where δcexp(x) := cexp(x)− c can be considered a
systematic error in the determination of c.
Since q-pet was based on the uncertainties δω, we also
compare q-pet and GR based on the GR shift of the
cavity resonance frequencies by solving the e.m. wave
equation in the entire cavity with mirrors at 0, xL and
symmetric boundary conditions (SBC), Aµ(0, y, z) =
Aµ(xL, y, z) (and correspondingly for the other direc-
tions). The unperturbed single modes are plane waves
A3(t, x, y, z) = (~/(2ω0V ))1/2 (eik(x−ct)a+h.c.), Aµ = 0
for µ ∈ {0, 1, 2}, and k := k0 = k1 > 0. This leads
to Tµν = −~ω/(20V )〈(a eik(x−ct) + h.c.)2〉 for (µ, ν) ∈
4{00, 01, 10, 11} inside the cavity, and Tµν = 0 else or
outside. For |ψopt〉, Tµν is time-independent, and for
|ψcoh〉 we once more consider only the time-independent
part. Then, hµν(ξ) = (ξ) for (µ, ν) ∈ {00, 01, 10, 11}
and hµν = 0 else, where
(ξ) :=
√
2PM
∫ pi
0
∫ pi
0
dη′dζ ′I(ξ, η − η′, ζ − ζ ′). (8)
The wave equation describing the propagation of light in
curved space-time reads ∇βFαβ = 0 (see 22.17a in [46]),
with Fαβ = gαµgβν(Aν,µ −Aµ,ν). Using FLG for A and
h, and hνν = 0, we obtain to first order in 
0 = −Aα,νν + (hαµ,ν − hαν,µ)Aµ,ν , (9)
where indices are pulled up or down by the full metric
gµν . Eq. (9) is solved exactly by the original plane wave
despite the changed metric, as the -correction in A3 is
∝ (∂x + ∂ct)2. This reflects the well-known result that
two parallely propagating beams of light do not affect
each other gravitationally [52, 53]. The existence of a
mode with unchanged dispersion relation suggests that
judging whether the vacuum may still be considered as
such based on the change of a single mode frequency can
be insufficient. In such a case, the change of the metric
can normally still be probed using other modes. In the
example above the frequencies of modes propagating in
different directions, e.g. A3 ∝ exp(ik(x+ ct)), are modi-
fied locally by a relative amount of order (x), as can be
shown by solving (9) in eikonal approximation.
To summarize, up to numerical prefactors of order
1, both systematic errors δcexp obtained by measuring
length over time or a shift of a cavity resonance, possibly
in another mode, scale as
δcexp
c
∼ −κnM (10)
for n,M  1. With this, we can now obtain the smallest
possible uncertainty with which c can be determined in
a given region of space-time.
IV. MINIMAL UNCERTAINTY OF
SPEED-OF-LIGHT MEASUREMENTS
For |ψopt〉, equating (1) and the absolute value of (10)
leads withM ∼ L/λ to an optimal photon number nopt ∼
(λ/lPl)
√
L/(cT ), and a minimal
δc
c
∼ lPl
(c T L)1/2
, (11)
independent of frequency: the gain in quantum mechani-
cal sensitivity due to longer dimensionless evolution time
for more energetic photons is exactly cancelled by the
increased perturbation of the metric.
In an experiment, the measurement time is bounded
from above by the finite photon-storage time of the pho-
tons in the cavity. While obtaining optimal bounds in-
cluding photon loss requires mixed state q-pet [54, 55],
the sensitivity cannot be better than that obtained from
the pure states from which the state is mixed [56]. For
known dissipation and decoherence mechanisms one can
try to find an adapted optimal state. However, the sensi-
tivity cannot be better than if one had access to the full
system and its environment. For photon loss the envi-
ronment can be modelled by additional modes coupled to
the central mode by beam-splitter couplings, and includ-
ing such ancilla modes cannot improve the estimation
of a parameter of the original system when optimized
over all initial states [57, 58], if the ancillas are inde-
pendent of the c we are interested in (which is the case
for the modes outside the cavity and hence outside the
space-time region considered). Our q-pet bound calcu-
lated for the ideal situation without photon loss therefore
remains valid, but can in general in the presence of dis-
sipation or decoherence not be reached anymore. For a
cavity of length L and finesse F , the measurement time
is bounded by T = LF/(pic). This leads to an optimal
number of photons independent of the length of the cav-
ity, n ∼ λ/(lPlF 1/2). For numerical estimates we use
in the following a standard situation: visible light with
λ = 500 nm, a finesse F = 10000, and L = 1000 m. The
optimal n for the optimal state is then n ∼ 1026, and the
minimal uncertainty δc/c ∼ lPl/(LF 1/2) ∼ 10−40.
For |ψcoh〉, equating (2) and (10) leads to nopt ∼
(Lλ2/(l2PlcT ))
2/3, and a minimal uncertainty
δc
c
∼
(
l2Plλ
L(c T )2
)1/3
. (12)
For a cavity with finesse F , the length of the cav-
ity is again irrelevant for the optimal photon number,
nopt ∼ (λ/lPl)4/3 /F 2/3, and δc/c ∼ l2/3Pl λ1/3/(LF 2/3).
Contrary to |ψopt〉, the minimal uncertainty depends
here on the wavelength. In principle, δc/c could there-
fore be smaller for |ψcoh〉 than for |ψopt〉, but only for
wavelengths λ < lPl
√
cT/L in lossless cavities, and for
λ < lPl
√
F in cavities with finesse F , which are out-
side the validity of the theory. For the lossy cavity con-
sidered, the optimal coherent state photon number is
n ∼ 1035 and δc/c & 10−31, demonstrating the superi-
ority of |ψopt〉. We display the various n-scaling regimes
and the optimal photon numbers located at the minima
of the overall dependence of δc/c on n in Fig. 1.
V. COMPARISON WITH SIMILAR BOUNDS
The minimal uncertainties of c and hence the metric
of flat space-time that we have derived are reminiscent
of ideas about the fuzziness of space-time on the Planck
scale, their different physical meaning not withstanding.
The minimal uncertainty of δc that we have derived here
translates, in experiments where a length L is measured
through L = cT , to fluctuations δL of L. There has
been a vast amount of work aiming at demonstrating a
5minimal length scale in physics and working out its con-
sequences, see [59] for an excellent review. The major-
ity of these works has tried to establish smallest uncer-
tainties of positions or length measurements, but there
have also been attempts to find minimal uncertainties of
volumes, areas, gravitational fields, event horizons, and
others. Here we focus on previous predictions of mini-
mal uncertainties of lengths or positions. For simplicity
we set ~ = c = 1 in the rest of this section and neglect
factors of order 1, unless otherwise noted.
A. Previous thought experiments
Closest to our analysis are previous thought experi-
ments that one way or another use classical gravity effects
to bound quantum uncertainties from below. An illustra-
tive example is the Heisenberg microscope with gravity
[60]. In addition to the familiar Heisenberg microscope,
where attempts to resolve the position of a particle by
scattering light from it result in an unknown momen-
tum kick of order ω onto the particle, while limiting the
spatial resolution to roughly the wavelength of the light
δxQM ∼ 1/ω, one also considers the gravitational inter-
action of the photon with the particle. This leads to an
acceleration of the particle of at least Gω/R2 if the pho-
ton is detected at distance R, and a corresponding dis-
placement between the photon-particle interaction and
the photon detection of order δxGR ∼ Gω. Taking the
geometric mean of the two uncertainties gives immedi-
ately δx ∼ √G = lPl. Alternatively, we can take the sum
of the two uncertainties and minimize it over ω. This
gives ω ∼ 1/√G = mPl, the Planck mass, and, up to a
factor 2, again δx ∼ lPl.
Another popular argument goes back at least to Bron-
stein in 1936 [61], who, in the context of investigating
how precisely a gravitational field might possibly be mea-
sured, came up with the request that the test particle
should not collapse to a black hole. Later, Wigner and
Salecker introduced a similar limitation to length mea-
surements with light pulses [33, 34], where the clock
should not become a black hole. The idea was refined
for the measurement of lengths based on “material refer-
ence systems” (MRS) [36], consisting of reference points
of size s and mass M that contain a clock, light-gun and
detector, arranged in space. The request that no event-
horizon should form around the reference points beyond
s implies M < s/l2Pl.
We can apply the black-hole argument to the
Heisenberg-microscope, requesting that the photon’s
event horizon should be at least smaller than the distance
R, i.e. ω < R/l2Pl. Then δxQM & l2Pl/R, a bound obvi-
ously much weaker than the previous one for R  lPl.
On the other hand, for the MRS the black-hole criterion
leads again to δL & lPl if we assume s ∼ L and argue that
the quantum mechanical uncertainty for a material par-
ticle scales as δL &
√
L/M . This latter scaling is based
on a semi-classical picture [36] with an initial width of
a wave-package leading to a minimal width in momen-
tum space, that is interpreted as particles spreading out
with a corresponding momentum distribution, giving a
correspondingly larger uncertainty for the position mea-
surement at a later time T . The argument can be made
more rigorous by minimizing the quantum-mechanically
calculated expectation value 〈δx(0)δx(t)〉 of a particle by
minimizing over its mass [62]. One also recognizes in
δL &
√
L/M the standard quantum limit (SQL), and in
particular for M = Nω for a device dominated by the
mass of N photons a scaling with 1/
√
N .
B. Quantum gravity theories and
phenomenological models
For most microscopic theories of quantum gravity it
is difficult to extract bounds on minimal uncertainties
of lengths. In [59], a generalized uncertainty principle
(GUP) of the form δxνδpν & 1+ lsE is given as a predic-
tion of string theory, as well as a space-time uncertainty
δxδT & l2s , where ls is a (yet unknown) string scale that
might be of the order of lPl, and E the energy with which
the string is tested. In [15] it was stated that Lie-algebra
non-commutative space-times with non-commuting po-
sition coordinates, [xα, xβ ] = iR
γ
αβ xγ/mPl, lead to a
δT of the form δT ∼ LnEm/m1+m−npl where m,n are
some model-dependent powers with 1 +m− n > 0. The
lowest-order non-trivial case n = m = 1 that gives an
energy dependence, corresponds to δT ∼ LE/mPl. Con-
sidering T as the travel time of a particle from source to
detector, δT implies an uncertainty of the radar length.
Combining this δT with the standard contribution from
the Heisenberg uncertainty principle and minimizing over
the energy gives a minimal length uncertainty that can
be written in the form
δL & lαPlL1−α (13)
with some real value α ∈ [0, 1] [15].
Given the mentioned difficulty to extract predic-
tions of fluctuations of positions or lengths from micro-
scopic quantum gravity theories, mostly phenomenolog-
ical GUPs have been used to generalize lower bounds
based on the standard uncertainty principle. It is clear
from dimensional grounds that (13) is the generic form
of a power law scaling with lPl if only lPl and L exist as
length scales. Such a form is therefore also obtained in
many other phenomenological theories, notably models
that assume fluctuations on the scale of the Planck length
and then ask how these accumulate during the propaga-
tion of a light signal. The simplest case are random walk
models, which lead to α = 1/2 [63, 64]; α = 2/3 is known
as the holographic model. If one assumes a fluctuation
δλ of the wavelength λ of the light used to measure dis-
tances with α = 1/2, δλ & lPl(λ/lPl)1/2, the fluctuations
of the total length are given in the random walk model
by δL & δλ(L/λ)1/2 = l1/2Pl L1/2, i.e. the new length-scale
6λ drops out. However, if the fluctuations δλ are added
up coherently, i.e. all with the same sign, a much larger
value results,
δL & (lPlL)1/2(L/λ)1/2. (14)
The choice of model has therefore important implications
for the falsifiability of the predicted minimal fluctuations.
E.g. in [65] the coherence of Hubble-space telescope im-
ages of distant galaxies was used to bound possible quan-
tum fluctuations of space-time from below. No fluctua-
tions were found, but the coherent addition of the fluc-
tuations was subsequently questioned [66].
Modified commutation relations lead in general to a
generalized uncertainty principle. In as much as this im-
plies a fluctuating speed of light, Lorentz invariance can
be violated, but need not (see e.g. the model of discrete
space-time with modified commutation relations without
violation of Lorentz invariance due to Snyder in 1947 [3]).
In the same way, the (deterministic) dispersion relation
of e.m. waves can be modified; such theories have become
known as “rainbow gravity”. This class of theories con-
tains doubly (or deformed) special relativity (DSR), with
a kappa-deformed Poincare´ group [67–72]. DSR is based
on the idea that not only the speed of light is indepen-
dent of the reference-frame, but also the small length-
scale lQG on which quantum-gravity effects become im-
portant, identified typically with the Planck-length. DSR
has recently been elaborated further into ”relative local-
ity” [73], a theory that emphasizes the importance of
phase-space and suggests that momentum-space might
be curved, which would imply non-linear conservation
laws of energy and momentum, and a relativity of “local-
ity”. Another formulation of DSR considered an energy-
dependence of space-time [67, 74]. Earlier theories also
proposed a time-dependent speed of light as solution to
cosmological problems [75, 76].
In [77, 78] it was proposed that a non-linear disper-
sion relation might arise from averaging a quantum-
fluctuating metric over a relevant length scale of a test
particle. Considering a “measurement process” in rel-
ativistic rather than quantum terms, it was suggested
that the metric relevant for a measurement process of
the momentum pα of a particle with energy E is the
“classical” metric of GR plus an averaged perturbation
of quantum-gravitational origin, assumed non-vanishing
when averaging over the de Broglie wavelength λ = 1/E
of a deeply relativistic particle, thus introducing an extra
energy-dependence into the (inverse) dispersion relation
pα(E).
In [79] a modified dispersion relation was found in
the context of a non-critical-string approach to quantum
gravity. It leads to a minimal total uncertainty of a length
measurement based on the propagation of massless par-
ticles
δL &
√
ηLlPl + lPl, (15)
where η is a dimensionless parameter of order one, and
clearly the first term dominates for L  lPl, giving (13)
with α = 1/2, but α = 1 for L ' lPl. Underlying (15) is
an assumption about the form of a decoherence-term in
the modified quantum Liouville equation that arises from
coupling matter to the degrees of freedom of space-time
fluctuations that scales as E2/mPl with Planck-mass mPl
and energy E of a particle. When generalizing this to a
scaling En/mn−1Pl , a dependence
δL & L1/nl1−1/nPl (16)
was predicted, which is again of the form (13).
In [80], it was argued that a finite minimal uncer-
tainty of time measurements is linked to the pertur-
bative approach to quantization, whereas in a non-
perturbative approach in principle infinite resolution
could be achieved, as long as particle energies are not
bound from above (as might happen with a modified dis-
persion relation). On the other hand, the authors find a
finite minimum resolution both in perturbative and non-
perturbative approaches, with a minimum length uncer-
tainty
δL & lPl, (17)
whereas for large background times T¯
δL &
√
lPlcT¯ , (18)
as in the Wigner-Salecker case [33, 34]. In [64], other
estimates of length fluctuations were discussed, one of
them scaling as δL & (lQG c T )1/2, where lQG is expected
to be lQG & lPl, which for L = cT is again in line with
(13) with α = 1/2.
C. Comparison with our bounds
When trying to compare these previously found
bounds with ours, the first thing to keep in mind, is that
our bounds are fundamentally for δc/c, not δL/L. This
is important as there is no quantum mechanical operator
for the speed of light, hence one cannot apply directly
the standard Heisenberg uncertainty principle. Rather,
we resorted to q-pet, which gives generalized uncertainty
relations [22]. Secondly, our bounds are based directly
on the light field itself, not the quantum mechanical un-
certainty in the position of a clock, an MRS point, or
a test-particle. We have furthermore the choice of the
state of the probe, notably it can be a multi-photon state,
whereas previous derivations typically considered single-
particle uncertainty relations, with a state that saturates
Heisenberg’s uncertainty relation. Moreover, since the
QCRB is optimized over all possible measurements of
the light field and has a clear interpretation in terms of
the minimal uncertainty of an estimator of c, there are no
conceptual issues with the meaning of the measurement
on very small length scales. Questions on how fluctu-
ations at smaller length-scale add up do not arise. In
random-walk models one might wonder why one should
7add up fluctuations of the wavelength, as no measure-
ments are made at that length scale. In the q-pet ap-
proach, measurements on the length-scale of the wave-
length are included just as any other measurement of the
light field, and the uncertainty is the one of the best possi-
ble estimator of c, rather than fluctuations of a measured
observable (whose existence at a very small length scale
might be questionable; this issue was indeed recognized
as one of the most important ones in the field, see Section
4.2.5 in [59]).
By using a light signal, another length-scale comes into
play, namely the wavelength λ of the light, as well as the
propagation time, which in a cavity can be much larger
than the length of the cavity. Depending on the quantum
state used, λ is still present in the final result for the lower
bound.
If we do translate our bounds for δc/c into a bound
for fluctuations of length estimations δL by assuming
δL = Tδc with fixed T , we see from (11) that for the opti-
mal state we get back δL & lPl for L = c T , i.e. this corre-
sponds to α = 1 in (13). However, for T  L/c, one can
get uncertainties much smaller than the Planck length, a
fact that was not reflected by previous bounds. This in-
sight results naturally from the use of q-pet, where time
appears as a resource for more precise measurements, in
sync with experimentalists’ habit to provide uncertain-
ties per square root of Hz for fair comparison.
For a coherent state in a lossless cavity, the
lower bound of δL implied by (12) reads δL &
l
2/3
Pl λ
1/3(L2/(c T )2)1/3. If L = c T , this is as (13) for
α = 2/3, but with L replaced by λ. One might wonder if
there is a deeper reason behind the fact that a classical
light signal reproduces the holographic model concern-
ing the scaling of the smallest δL with lPl. Compared to
the coherently added up fluctuations eq.(14), this is, in
the optical domain, still a much smaller value for any L
larger than about 10−12 m.
Given their fundamental measurement-based nature,
our bounds can serve for judging the falsifiability of quan-
tum gravity theories and phenomenological models: Pre-
dictions of fluctuations in a given space-time region that
are smaller than those given by our bounds can never be
falsified through direct measurement as a matter of prin-
ciple (subject to the made assumptions). While the pref-
actors depending on L, λ, T for the coherent state mat-
ter, as a rule of thumb, predictions of fluctuations with
α > 2/3 could not be measured with light in a coherent
state, as the measurements own smallest possible uncer-
tainty ∝ l2/3Pl is larger. Length uncertainties ∝
√
lPlL
of Wigner-Salecka-type theories as well as the bound in
(15) are at least in principle falsifiable with light in a co-
herent state. The fluctuations (16) cannot be measured
with light in a coherent state as soon as n > 3, but they
would be accessible at least in principle to “quantum en-
hanced measurements” using the optimal quantum state
of light. However, it is unlikely that an optimal state of
light with a sufficiently large photon number can ever be
built, given the experimental difficulties of producing su-
FIG. 1. Minimal uncertainty δc/c as a function of the number
of photons n: The dashed red/blue line shows the minimal un-
certainty obtained from the quantum Crame´r-Rao bound for
the optimal and coherent states given in equations (1) and
(2), respectively. The dashed green line corresponds to the
unavoidable systematic error in the measurement of c due to
the light’s own gravitational effect. The sum of the minimal
uncertainty given by the quantum Crame´r-Rao bound and the
systematic error for the optimal/coherent state is shown by
the solid orange/light blue lines. The optimal number of pho-
tons minimizing δc/c for either optimal or coherent states lies
at the minima of the solid orange/light blue lines. Parameters
are λ = 500 nm, τ = 1, L = 1 km und M = L/λ.
perpositions of Fock states with even a few photons. The
fluctuations predicted in [17] are well above our bounds
for any cavity of realistic size.
Several works discussed the possibility to measure
fluctuations of space-time created on the Planck-scale
with gravitational wave interferometers such as LIGO
[37, 64, 81]. Bounds on lQG were obtained from experi-
mental data from Caltech’s 40 m interferometer [82]. In
[81] it was argued that the stated displacement noise
level of that interferometer of order 3 · 10−19 m/√Hz
in the neighborhood of 450 Hz already rules out length
fluctuations of the interferometer arms of order lPl per
Planck-time interval for the random-walk accumulation
of individual Planck-cell fluctuations to a total uncer-
tainty. [10–16] attempted to bound the supposed quan-
tum fluctuations of space-time using the broadening of
light pulses from far-away astronomical sources, but so
far the uncertainty in the emission time of the light pulses
as well as other sources of spreading the pulse are too
large to say much about quantum fluctuations of the met-
ric [13].
VI. CONCLUDING DISCUSSION
Our results imply that one should not think of quan-
tum fluctuations of space-time as existing independently
of the measurement devices that probe them, but rather as
something that can only be defined in conjunction with
8them. This is in line with the modern theory of quantum
measurement, where the possible measurement results do
not only depend on the quantum system, but also on the
quantum probe and its initial quantum state.
Accordingly, we find different lower bounds for δc/c
for the optimal state and a coherent state. The for-
mer reproduces δL & lPl when translated to the un-
certainty of a length and assuming a measurement time
T ' L/c, whereas the latter is substantially enhanced
and still depends on the wavelength, scaling only as l
2/3
Pl .
Their derivation from standard quantum optics and GR
is similar in nature to those of previous bounds based
on Gedanken-experiments (see V A) within QM and GR,
but provides a conceptual advance by the use of q-pet,
which includes the optimization over all possible mea-
surements, and precise calculations rather than orders of
magnitude arguments. Simple scaling arguments can be
insufficient, as the discussions in the literature about how
fluctuations on small scales add up on long distances have
shown. Another example: in the Heisenberg microscope
including gravity, one might arrange the particle half way
between light source and detector. In that case the accel-
eration due to the gravitational pull will average to zero
and it is not clear why the quantum uncertainty should
be bounded from below by a gravitational effect — not
to talk about questions of how the photon is supposed
to be localized in space-time, when only its wavelength
is specified. Such questions on how exactly the measure-
ment is done, and whether a different setup might not
avoid the limitations, do not arise in our q-pet approach.
Nevertheless, our bounds are of course subject to sev-
eral (reasonable) restrictions as well: We consider direct
measurements of the propagation speed or phase speed of
an e.m. wave. Note, however, that the QCRB bounds the
uncertainty for any measurement and estimation scheme,
as long as c is imprinted on the quantum state through
the standard time evolution in quantum optics with (A1)
as hamiltonian. Ambiguities arising from a proper defi-
nition of arrival time of the pulse pertain to the level of
different data analysis schemes and are fully covered by
the QCRB.
We want to know the value of c in a given region of
space-time, and we assume a sufficiently rigid measure-
ment apparatus whose length remains unchanged when
the photon number is increased. Apparatuses with finite
rigidity could deform under the influence of the grav-
ity of the light signal and the modification of Coulomb’s
law. For any realistic material that deformation should
be negligible, however, compared to the one due to the
light pressure; this will be examined in more detail in an-
other publication [83]. The gravitative effect of the elastic
energy was already shown in [50] to be smaller than the
one of the e.m. field by a factor cs/c, where cs is the speed
of sound in the cavity walls. We rely on the validity of
quantum mechanics (more precisely quantum optics and
q-pet) and GR in semiclassical approximation (i.e. Tµν
calculated as q.m. expectation value), and the validity
of the linear dispersion relation ω = ck for wave-lengths
well above the quantum-gravity/Planck length. For find-
ing the optimal state, we assume a maximum possible
photon number in the state. We neglect uncertainties in
c due to the expansion of the Universe [51], non–inertial
observers, local gravitation potentials e.g. from Earth or
a (stochastic) gravitational-wave (GW) background [84],
and quantum fluctuations of the mirror positions. In the
quantum foam picture, also the latter should depend on
the way they are measured, but in any case can only lead
to reduced precision. The GW background at optical fre-
quencies is expected to be extremely small, but might
dominate at frequencies around 100-1000 Hz, where a
large number of gravitational sources is expected to exist,
see [85]. However, to cavities much shorter than the GW
wavelength (300-3000 km for the above frequencies), the
modified metric due to the GW appears as uniform, and
the GW effect can hence in principle be eliminated by a
cavity in free fall, in contrast to the GR effect of the light
inside the cavity. More generally, any additional source
of modification of the speed of light may lead to tighter
lower bounds on the uncertainty of δc/c than ours, but
will not invalidate them.
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Appendix A: Single mode reduction of q-pet
We here prove that very generally for a given maxi-
mum amount of energy the optimal quantum measure-
ment of c can be reduced to measuring a single mode
of fixed frequency put into the optimal state |ψopt〉 =
(|0〉 + |2n〉)/√2. Starting point is the Hamiltonian H
for the e.m. field, decomposed into modes labelled by a
mode-index k, consisting of wave-vector k and polariza-
tion . Then
H =
∑
k
~ωknk = ~c
∑
k
knk, (A1)
with angular frequency ωk = ck and k = |k|. The Hamil-
tonian has the general form H = cG with a Hermitian
generator G = ~
∑
k knk. It leads in a given state |ψ〉
and propagation over total time T to QFI [22]
Ic = 4∆G
2T 2 ≡ 4(〈G2〉 − 〈G〉2)T 2. (A2)
Let G =
∑
i ei|i〉〈i| be the spectral decomposition of G,
and |ψ〉 = ∑Ni=1 ci|i〉, where we assume that |1〉 (|N〉)
are the states of lowest (largest) energy available. Then
∆G2 =
∑N
i=1 pie
2
i − (
∑N
i=1 piei)
2 with pi = |ci|2 and
9∑N
i=1 pi = 1. The Popoviciu inequality [86] states ∆G
2 ≤
(eN − e1)2/4. It is saturated for p1 = pN = 1/2, pi = 0
else. The state |ψ〉 = (|1 > +eiϕ|N >)/√2 with an
arbitrary phase ϕ saturates the inequality and thus max-
imizes Ic. If eN or e1 is degenerate, only the total proba-
bility for the degenerate energy levels is fixed to 1/2, and
arbitrary linear combinations in the degenerate subspace
are allowed. But the value of ∆G2 remains unchanged
under such redistributions, and we may still choose just
two non-vanishing probabilities p1 = pN = 1/2. The
derivation did not make use of the multi-mode structure
of the energy eigentstates. Hence, exactly the same min-
imal uncertainty of c can be obtained by superposing the
ground state of a single mode with a Fock state of given
maximum allowed energy as with an arbitrarily entan-
gled multi-mode state containing components of up to
the same maximum energy. Setting N = 2n leads to the
announced optimal single-mode state.
Appendix B: Calculation of the metric perturbation
The vector potential of the e.m. field in the cavity in
Coulomb gauge A(r, t) = Υq(t)v(r), where Υ is a con-
stant, q(t) the time dependent amplitude, and v(r) the
mode function, with components
vx = N ex cos kxx sin kyy sin kzz,
vy = N ey sin kxx cos kyy sin kzz,
vz = N ez sin kxx sin kyy cos kzz. (B1)
The polarization vector e = (ex, ey, ez) is normalized
to length one, and is orthogonal to the k-vector k =
(kx, ky, kz), where ki = lipi/L, and li ∈ N0, and at most
one of three given li can be zero. Therefore, there are two
polarization directions (transverse modes) for each k vec-
tor, with the exception of cases where one of the li = 0,
where only one polarization is possible. The request that
the modes be orthonormal,∫
d3rvl(r) · vl′(r) = δl,l′ (B2)
leads to N = √8/V , and we can define the mode-volume
Vl = V/8. Note that the index l stands here for both
the discrete k vector and the polarization direction (1,2).
Finally, we choose Υ = 1/
√
0, such that
A(r, t) =
∑
l
1√
0
ql(t)vl(r),
E(r, t) = −
∑
l
1√
0
q˙l(t)vl(r),
H(r, t) =
∑
l
1
µ0
√
0
ql(t)∇× vl(r). (B3)
After quantization, the amplitudes ql become the quadra-
ture operators of a harmonic oscillator, qˆl =
√
~
2Ωl
(aˆl +
aˆ†l ), pˆl =
1
i
√
~Ωl
2 (aˆl − aˆ†l ), where Ωl = |kl|c. In the
semiclassical approach the energy-momentum tensor for
a single mode with mode function v is given by the quan-
tum mechanical expectation value [46, 87],
T 00 =
~Ω
4
(− 〈(aˆ− aˆ†)2〉v2 + 〈(aˆ+ aˆ†)2〉 (∇× v)2/k2) ,
T 0i =
i~Ω
2k
(〈
aˆ2
〉− 〈aˆ†2〉) (v × (∇× v))i,
T ij =
~Ω
2
(〈(
aˆ− aˆ†)2〉 vivj
−
〈(
aˆ+ aˆ†
)2〉
(∇× v)i(∇× v)j/k2
)
+ T 00δij ,
(B4)
where k2 = k2, and we have used the symmetrized form
(qˆpˆ+ pˆqˆ)/2 of the quantum mechanical operators for the
T 0i components.
For a (01M) mode, lx = 0, ly = 1, lz = M dictates
e = (1, 0, 0) as unique possible polarization. For M = 1,
the frequency Ωl =
√
2pic/L, and
v =
√
8
V
sin(piy/L) sin(piz/L)ex,
∇× v =
√
8
V
pi
L
sin(piy/L) cos(piz/L)ey
−
√
8
V
pi
L
cos(piy/L) sin(piz/L)ez. (B5)
For |ψopt〉 with n  1, and neglecting terms of order
O(n0) (all other terms are of order n), we find that for the
fundamental (011) mode the only non-vanishing compo-
nents of Tµν can be expressed in terms of four functions,
Tµν = n
~Ωl
V
tµν (B6)
with the dimensionless tensor components t00(η, ζ) =
f1(η, ζ), t
11(η, ζ) = f2(η, ζ), t
22(η, ζ) = f3(η, ζ),
t33(η, ζ) = f˜3(η, ζ) = f3(ζ, η), t
23(η, ζ) = t32(η, ζ) =
f4(η, ζ), and
f1(η, ζ) = 2− cos(2η)− cos(2ζ)
f2(η, ζ) = cos(2η) + cos(2ζ)− 2 cos(2η) cos(2ζ)
f3(η, ζ) =
1
2
(2− 4 cos(2ζ) + 2 cos(2ζ) cos(2η))
f4(η, ζ) = sin(2η) sin(2ζ), (B7)
where we write x, y, z in units of L/pi, ξ = xpi/L, η =
ypi/L, ζ = zpi/L, and thus ξ, η, ζ ∈ [0, pi]. Outside the
cavity Tµν vanishes. For this state the field equations
are solved with a time-independent metric. The wave
equation reduces to the Poisson equation,
∆h¯µν = −16pi G
c4
Tµν . (B8)
The solution is obtained by integrating the inhomogene-
ity Tµν over with the Green’s function of the Poisson
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equation, i.e.
h¯µν =
4G
c4
∫
Tµν(x′)
|x− x′|d
3x′
= P
∫ pi
0
∫ pi
0
dη′dζ ′I(ξ, η − η′, ζ − ζ ′)tµν(η′, ζ ′),
(B9)
where the parameter P is given by
P = 4
√
2
n~G
pic3L2
=
4
√
2n
pi
κ, κ =
(
lPl
L
)2
. (B10)
The integral kernel reads
I(ξ, η, ζ) = ln
(
ξ +
√
ξ2 + η2 + ζ2
ξ − pi +√(ξ − pi)2 + η2 + ζ2
)
. (B11)
Numerical evaluation of the two remaining integrals in
Eq. (B9) shows that they are of order one inside the
cavity, and decay rapidly outside, as is required by the
boundary conditions of a flat metric far from the cavity.
For |ψcoh〉, we have to consider the full retarded solu-
tion of the wave equation according to
h¯µν =
4G
c4
∫
Tµν(t− |x− x′|/c,x′)
|x− x′| d
3x′. (B12)
For example, the yz component reads h¯yz = h¯yzopt +
4n~GΩ
c4
∫
dξ′dη′dζ ′ sin[2ω(t−|x−x
′|/c)] sin(2η′) sin(2ζ′)
|x−x′| . This
metric element is thus the solution of |ψopt〉 (B9) plus
some retarded oscillation on top of it, which is of the
same order. In the following we will therefore restrict our
analysis to the time-independent part given by |ψopt〉.
For the (01M) mode, with M > 1, lx = 0, ly =
1, lz = M , the general expressions for T
µν are more com-
plicated, but for |ψopt〉 with n  2, and in the limit
of M  1, we have T 00 = T 33 = 4n(~Ω/V ) sin2 η,
T 11 = −T 22 = 4n(~Ω/V ) sin2 η cos(2Mζ). Corrections
are of order 1/M . All other tensor elements of T vanish
to order M0. The rapidly oscillating term cos(2Mζ) in
T 11, T 22 leads to a rapid decay of h¯11 and h¯22 as func-
tion of M . Numerics indicates that the decay is roughly
as 1/M for fixed (ξ, η, ζ), including the factor M that is
gained due to the prefactor Ω ∝ M for large M . This
means that for large n and M , only T 00 = T 33 are non-
negligible, with
h¯00 = h¯33 ' PMh˜(ξ, η, ζ),
h˜(ξ, η, ζ) := 4
∫ pi
0
∫ pi
0
dη′dζ ′I(ξ, η − η′, ζ − ζ ′) sin2 η′,
(B13)
where the dimensionless function h˜(ξ, η, ζ) is once more of
order 1 inside the cavity and falls off rapidly outside. So
using a higher mode has the effect of reducing the pertur-
bation of the metric essentially to two diagonal elements
of the metric tensors, but increases the perturbation by
a factor equal to the mode-index M .
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FIG. 2. Relative change of the local coordinate speed of light
in x-direction as function of dimensionless coordinates η, ζ
at ξ = 1.5 in units of P = (4n/pi)κ with κ = (lPl/L)2 (see
Eq. (B10)) for the (011) mode. The cavity extends from 0 to
pi in these units.
In all cases, the amplitude of the space-time perturba-
tion due to the e.m. field in the cavity scales as
h
µν ∼
(
lPl
L
)2
nM, (B14)
proportional to the number of photons n in the cavity,
the mode index M , and the squared ratio lPl/L of Planck
length lPl ' 1.62× 10−35 m and size L of the cavity. The
expression remains valid for the fundamental mode with
M = 1.
We note that throughout our analysis we tacitly
assume that the photon densities in the cavity are
small enough and the cavity sufficiently large, such
that we stay well below the critical (electric) field
strength Ec = m
2
ec
3/(e~) = 1.3 × 1018 V/m, where
me is the mass of the electron, beyond which nonlin-
ear corrections to Maxwellian electrodynamics due to
polarization of the quantum vacuum become important
[88]. This condition may be translated into a mini-
mal cavity size L using an energy density O(~cnM/L4)
and a critical energy density O(0E2c ). We obtain
that L  (~3/4e1/2−1/40 m−1e c−5/4)(nM)1/4 = (2.1 ×
10−13 m)(nM)1/4 for linear electrodynamics in the cav-
ity to hold. For the two types of cavities considered and
all combinations of nopt and M , the lower bound on L is
satisfied by the cavity sizes considered.
From hµν we now calculate a local measure of the mod-
ification of the coordinate speed of light defined through
the geodesics of the modified metric.
A finite hµν leads to a new line element
ds2 = −(1−h00)c2dt2+(1+hii)(dxi)2+2h23dydz (B15)
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where the metric elements are, for the (011) mode,
h00 =
1
2
P(g1 + g2 + g3 + g˜3),
h11 =
1
2
P(g1 + g2 − g3 − g˜3),
h22 =
1
2
P(g1 − g2 + g3 − g˜3),
h33 =
1
2
P(g1 − g2 + g˜3 − g3), h23 = Pg4,(B16)
with the definitions, cf. (B9),
gi =
∫ pi
0
∫ pi
0
dη′dζ ′I(ξ, η − η′, ζ − ζ ′)fi(η′, ζ ′),
g˜i =
∫ pi
0
∫ pi
0
dη′dζ ′I(ξ, η − η′, ζ − ζ ′)f˜i(η′, ζ ′).(B17)
For the (01M) mode we have h00 = h33 with h00 given
by (B16) whereas hµν vanishes for all other values of
µ,ν. The light ray trajectories are determined through
the geodesic condition ds2 = 0. The speed of light
in x1-direction (meaning all other dxj = 0, j 6= 1,
i.e. locally straight paths along x1 = x) is then c(x) =
c
√
(1− h00)/(1 + h11), and correspondingly for the other
directions. The relative change of the coordinate speed of
light in xi-direction then reads, for the (011) mode with
n 1,
δc(x)/c = −1
2
(h00 + h11) = −1
2
P(g1 + g2),
δc(y)/c = −1
2
(h00 + h22) = −1
2
P(g1 + g3),
δc(z)/c = −1
2
(h00 + h33) = −1
2
P(g1 + g˜3). (B18)
For the (01M) mode with n,M  1,
δc(x)/c = δc(y)/c = −1
2
h00 = −PM
4
(g1 + g2 + g3 + g˜3),
δc(z)/c = 2δc(x)/c, (B19)
where the equalities in terms of the gi, g˜i are for |ψopt〉.
In Fig. 2, we plot the relative change of the coordinate
speed of light in x−direction for the (011) mode. We see
that up to position dependent functions of order 1 the
relative change of speed of light is given by Eq. (5) in
the main text. Very similar plots are obtained for other
directions.
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